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On Unit Circles Which Avoid All but Two Points of a Given Point-set
A. BEZDEK†
In this paper we show that if a finit set of at least two points in the plane has a diameter less
than
√
3, then there is a unit circle passing through exactly two points of the set. I conjecture that
if the diameter of the point-set is between
√
3 and 2, then the same statement is true with only one
exception. The exceptional set must have four points such that three of the points are vertices of an
acute triangle with circum-radius 1, and the fourth point is the common point of the three unit circles
which go through only two vertices of this triangle.
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1. INTRODUCTION AND RESULTS
According to the well-known problem of Sylvester [5] (firs solved by Gallai [3]): for a
finit set of at least two, not collinear points in a plane, there exists a line through exactly
two of the points. Sylvester’s problem inspired further research considering generalizations
and other problems of similar type, see the survey papers by Borwein and Moser [2] and by
Pach [4].
Here we consider a variant of this problem concerning circles. Throughout the paper by a
circle we mean the boundary of a circular disk. A unit circle is a circle with radius 1. A circle
is called ordinary if it passes through exactly two points of a given set of points. Assume
S(O, r) denotes the open disk with center O and radius r . An arrangement of four points is
called exceptional if three of the points are vertices of an acute triangle with circum-radius
1, and the fourth point is the common point of the three unit circles which go through only
two vertices of this triangle. Notice that each unit circle which goes through two points of an
exceptional set of four points contains exactly three of them.
Motivated by Sylvester’s problem I conjectured the following.
CONJECTURE. For any finit set of at least two points in the plane which is not exceptional
and has diameter at most 2, there is a unit circle passing through exactly two points of the set.
In a joint paper with Fodor and Talata [1] we proved that if a finit set of at least two points
in the plane has diameter at most
√
2, then there is a unit circle passing through exactly two
points of the set. We adapted the well-knownminimal choice proof of L. M. Kelly: letP be the
given set of points and consider the set C of all circles which pass through at least two points
of P . Among all pairs {P, c} with P ∈ P not on c ∈ C choose the pair {P0, c0} such that
P0 has the smallest distance from c0. It turned out that in the case of circles an elaborate case
analysis was needed to show that the circle c0 does it and the argument could be completed
only under the assumption that the distance between any two points is at most
√
2.
In this paper we present a different method, which on the one hand gave a second, shorter
proof for our joint result, and on the other hand led to an improvement which in a sense is best
possible. We show that one can weaken the restriction on the diameter from
√
2 to
√
3.
THEOREM. For any finit set of at least two points in the plane which has diameter less
than
√
3, there is a unit circle passing through exactly two points of the set.
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Note that the diameter of an exceptional set of four points is at least
√
3 and it is equal to√
3 if three of the exceptional set of four points form an equilateral triangle. This means that
the Theorem does not remain true if one replaces
√
3 with any larger number.
2. PROOFS
PROOF OF THE THEOREM. Let P be a finit set of n > 2 points in the plane with diam(P)
<
√
3. Let C be the family of unit circles centered at the points of P . Notice that some points
of P lie on the same unit circle if and only if the unit circles of C centered at these points have
a common point. This implies that it is enough to show that among the intersection points of
C there is one which belongs to exactly two of the circles.
The circles of C yield a graph G in the plane whose vertices are the intersection points of
two of the circles, which divide the circles into edges. From the restriction on the diameter of
P it follows that:
G is connected;
G cannot contain loops;
G cannot contain two parallel edges contained in the same member of C;
G cannot contain two parallel edges both longer than pi .
The last two properties imply that G cannot contain triple parallel edges in the graph. It is
also obvious that if two edges are parallel edges of G, then (i) they are arcs of equal length,
shorter than a semi-circle, (ii) they are arcs such that one of them is longer, and the other one
is shorter than a semi-circle. In case (i) we say that the edges form a lens, in case (ii) we say
that the edges form a crescent. In the latter case the center of that circle, which contains the
longer edge is called the center of the crescent.
Through the next statement we give an upper bound on the number of pairs of parallel
edges.
LEMMA. G contains at most fiv pairs of parallel edges.
PROOF OF THE LEMMA. Consider two parallel edges e, f which form a crescent (Fig-
ure 1(a)). Let P ∈ P be the center of this crescent, and let V and W be the vertices which
are connected by e and f . Since the diameter of P is less than √3 and since the edges
e and f form a crescent, it is clear that the set P \ P is contained in that component of
S(P,
√
3) \ (S(V, 1) ∪ S(W, 1)), which does not contain P . This implies that P is a vertex
of the convex hull of P with an angle less than 2pi/3. If all pairs of parallel edges form cres-
cents, the Lemma follows from the fact that among the angles of a convex polygon at most
f ve angles are less than 2pi/3.
Consider the case when among the pairs of parallel edges there is one, say {e, f }, which
forms a lens (Figure 1(b)). Let P, Q ∈ P be the centers of the unit circles which contain e and
f respectively. Since the diameter of P is less than√3, the set P is contained in the common
part R of the unit disks centered at the two vertices which are connected by e and f . Since
the segment PQ is the unique diameter of the region R we have that among the pairs of the
parallel edges only the pair {e, f } is a lens. Furthermore, since P ⊂ R, it is easy to see that P
and Q are the only two vertices of the convex hull of P with an angle less than 2pi/3, which
completes the proof of the Lemma. 2
All vertex degrees in G are even, and they are at least 4, by construction. The existence of
a vertex with degree 4 would yield the Theorem. We indirectly assume that every vertex has
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FIGURE 1.
degree at least 6. Let G′ be a planar graph obtained from G by removing exactly one edge
from every pair of parallel edges of G. Then G′ obviously has the same vertices as G.
A vertex V of G′ has degree 3 (4 or 5 resp.), if V is the endpoint of at least three (two and
one resp.) removed edges. Let ni be the number of vertices with degree i in G′. Since at most
10 edges were removed from G we have that 3n3 + 2n4 + n5 ≤ 10, which contradicts the
inequality 3n3 + 2n4 + n5 ≥ 12, which holds for any connected planar graph without loops
and parallel edges according to a well-known corollary of the Euler theorem. 2
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